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Classical stability of U(1) , domain walls in dense matter QCD
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It was recently shown that there exists metastable LJdomain wall configurations in high-density QCD
(u>1 GeV). We will assess the stability of such nontrivial field configurations at intermediate dengities (
<1 GeV). The existence of such configurations at intermediate densities could have interesting consequences
for the physics of neutron stars where such densities are realized.
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[. INTRODUCTION critical chemical potential above which the color supercon-
ducting phase occurs. Unfortunately, we are unable to make
In general, there do not exist domain walls or other topo-a definitive statement for,<« <800 MeV due to a lack of

logical defects within the standard model. This is due to théheoretical control in this region. One can only speculate on
trivial topology of the vacuum manifold. In contrast, thesethe behavior in this region.
objects are quite common in condensed-matter physics and This work is organized as follows. In Sec. II, we will
cosmology. However, it has been realized only recentlyconstruct the effective potential. In Sec. Ill, we will describe
[1-4] that topological defects such as domain walls andhe nontrivial domain-wall solutions. In Sec. IV, we will ex-

strings may exist within the standard model at a large chemi@mine the classical stability of such configurations under

cal potential. small perturbations. In S_ec. V,_ we will end with concluding
It is well known that topological defects result from sym- remarks and future considerations.

metries being broken. In the past few years there has been
renewed interest in high-density QCD. Similar to the BCS
pairing in conventional superconductivity, the ground state of |t is well known that the ground state &;=2,3, N,
QCD at high density is unstable due to the formation of a=3 QCD exhibits the Cooper pairing phenomenon as in con-
diquark condensaté—7] (see[8] for a review. In this new  ventional superconductivittknown as the color 2S@ fla-
ground state, various symmetries which are present at vor color superconductingand CFL (color-flavor lockedl

=0 are broken by the presence of this nonzero diquark corphases of QC0)6,7,12,13]. In what follows, we will con-
densate. This leads to the formation of the various topologisider theN.=N;=3 CFL phase. In the CFL phase, the con-

Il. THE EFFECTIVE POTENTIAL

cal defects discussed jA—4]. densates take the form
In [1], it was shown that at high densitieg$1 GeV) T i aboyy
there exist domain wall solutions which interpolate between (AaAUp) ™ ~ €apye’ €KL,
the same vacuum state, in which the U(lphase of the ia b i ab
diquark condensate varies between 0 antd Zhis type of (ARaRp)" ~ €apye’ €7V, @)

domain-wall which interpolates between the same vacuum . )
state has been studied before in the context of axion model{€TeL andRrepresent left- and right-handed quarks;,

[9]. It is interesting to note that similar domain-wall configu- andy are the fle.lvo.r |nc.I|ces; sndj ars spinor indicesa, b,
rations are present for the zero-density case in the Ibgge- andc are color indices; and andY are the condensates

limit and could be present for the physically relevant case of’vfhiﬁh are co?plex coI%r—ﬂav?jr mat;:ces. ﬁs Fhe magnitudes
N.=3 [10], in which case they can be studied at the BNLOf these condensates depend on the color ingjeone can

Relativistic Heavy lon CollidefRHIC) [10,11]. Given this, easily see that these objects are not gguge?invar_iant by them-
one might ask what happens between these two regions Iyes. In o_rder to construct a gauge-invariant field, the f(.)l'
=0 andu>1 GeV. The main goal of the present paper is owing matrix wh!ch describes the octet of mesons and axial
the analysis of the classical stability of the Ugldomain- singlet was considered {14,13:

walls for u<1 GeV. We demonstrate that the U(l)

domain-walls are classically stable down to densities E‘jZXYT:E Xin*. 2
=800 MeV. The main idea is to interpolate betwegn ¢
>1 GeV (where perturbation theory is justifiecand u

= u. (where instanton calculations lead to a reasonable d
scription. Ideally, we would like to be able to make defini-
tive statements on the stability of such configurations all the X—e X,
way down from largeu to u.~500 MeV, whereu, is the

If a U(1), rotation (@—exp?“?q) of this gauge-invariant
Seld S is performed, we see that the fieltly transform as

Y—etlay, (3)
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0556-2821/2002/64.2)/1250117)/$20.00 65125011-1 ©2002 The American Physical Society



KIRK B. W. BUCKLEY PHYSICAL REVIEW D 65 125011

S e ey (4) An effective potential for the magnitude of the condensate
|>| was derived if20] in the perturbative region where the
Goldstone’s theorem states that there must be a single Gol@nalytical form of the gap is known. This effective potential
stone modey’ associated with the breaking of this symme- fixes uniquely the value of the vacuum condensate. The po-
try. Given this, we can parametrize the field as follows: tential is of the Coleman-Weinberg typ21] and is given as

. follows:
S=3.e e '?

. . . . . 2vm)? |2
where the phaseé= 7’'/f is defined as a dimensionless field Vpert(|2|)= - <—) |2|(1—In—) ,
which describes they’ boson,f is the corresponding decay M 2o
constant2,, is the vacuum expectation value of the compos-
ite field (2), andp is another dimensionless field which de- zAg
scribes the fluctuations of the magnitude of the condehsate =——¢€(1-p), 9)
(analogous to ther field related to the fluctuations of the m
(qq) chiral condensaje We choose to parametrize the field 8
ase’ for convenience later on. v=1/ 9“3,

a

In order to construct an effective potential describing the
dynamics of the phase of the condensdteas well as the ) )
magnitude|3|, there are two types of terms which must be Where as is the standard strong-coupling constant and the
included. The first term which explicitly breaks the Ugl) Perturbative result of the condens&f¢ has been used. In all
symmetry was calculated ifl,16] by substituting the form calculations that follow we will assuma,=100 MeV as
of condensates given above into the instanton-induced fouth€ numerical value for the gap. It should be noted that the
fermion Lagrangiai17,18): potential(9) is justified only in the region

Viins(p,d)=—au’Aje’ cosg, (6) viog(|S|/24)<1. (10)

whereA, is the value of the gap in the quark spectrum. TheSince we are considering|~3,, the use of this effective
perturbative form of the expectation value of the condensatgotential is justified.
has been used in arriving at this regulf19]: We are interested in the regign.<u<1 GeV, where
Eq. (9) is not literally correct. Even though the results stated
9 ,u“Ag above are not necessarily under theoretical control for
<|2|>EE°:Q 9 () =puc, one can speculate on how the coefficients behave at
intermediate densities when.<=u<1 GeV. Due to the fact
For N;=3, the dimensionless coefficieatwas found to be that all the same symmetries are present as the chemical
potential is lowered until reaching., we expect the quali-
ms) (I u )7( Agep)® tative form of the effective potenti&6) and(9) to remain the
M nAQCD M

a=7x10°

: (8)  same. As the chemical potential is lowered, eventually per-
turbative calculations which are valid at asymptotically large
wherem is the mass of the strange quark. The mass of thét are no longer the correct description and instanton calcu-
corresponding;’ boson can be easily calculated by expand_lat!ons become relevant. One woulq expect that these calgu—
ing the potentialm,, =2m\a A,. According to[1], this lations must match up at some point. However, the coeffi-
potential is only under theoretical control when the mass ofi€nts in front of the potential could possibly be very
the " boson is much less than the typical scale for highedifferentin the density region of interest. We will refer to the
excitations 2\, which corresponds ta<1/m2. For physical ~ coefficient in front of the one-instanton potential As and
values of the strange quark, this corresponds to a chemicfe coefficient in front of the perturbative potential As.
potential of abouf~700 MeV (for a~ 1/m2). The value of; is essentially fixed by the form of the con-
To be able to draw any conclusions about the stability ofd€nsate and by the constituent quark mass. Below the critical
the domain-wall solution for intermediate densitigs,€, ~ chemical potentialu. at which the chiral phase transition
<1 GeV), one must include degrees of freedom which ar€ccurs, this coefficient is independent @f{ 13]. Therefore,
related to the fluctuations of the absolute valuéXijf We do ~ We would expect tha8, would be some smooth function of
not know the effective potential in the region of interest; # Which reaches its maximum value At uc. At pc=u
however, for qualitative discussions we shall use a potentiaF 1 GeV, the coefficieng, is modified by the formation of
derived for asymptotically largge. The second type of term instanton—anti-instantoril() moleculeq13]. We should also
which must be included in an effective potential descriptionnote that the coefficieng; can also be estimated from the
is one which uniquely fixes the magnitude of the condensateanstanton liquid mode[13] using the average size of instan-
tons as well as requiring a constituent quark mass of about

350-400 MeV.
The fieldp should not be confused with the familiarmeson in Combining both terms we have an effective potential
QCD. which is given by the following:
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V(IZ])

0=0, 2r
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>1 GeV), the resulting potential is of the sine-Gordon type.
The Lagrangian is given by the following:

L=12[(do$)*—U*(3i$)*1=Viins{ ), (16)
where the constant term has been dropped. The static
domain-wall solution to the corresponding equation of mo-
tion is well known. Considering a domain-wall in tlzedi-
rection, the solution is given by

$o(2) =4 arctarfexp(—mzu)), (17

FIG. 1. The cross section of the effective potential is shownwhere m is the mass of the;’. This solution interpolates

above foru=800 MeV. On the left halt= 7 is shown and on the
right half ¢=0,27 is shown.

V(p,¢)=—Boe”(1—p)—B1€’ cosd. (1)

The values of the coefficien{8; and 8, are known for as-
ymptotically largeu:

B1=auAZ, (12)
2A2
KA
Bo= (13

In Fig. 1, we show the cross section of the potentiakpat
=0,27 and ¢=m for =800 MeV. Notice that the exis-
tence of an absolute minima &t=0,27 and a saddle point
at ¢== allows for nontrivial configurations which wind
around the barrier d&|=0. In the limit x— o, the param-
etera—0 and the potential has degenerate minima3gt

=3 ,. The kinetic term is given by

EAETEEE

o =(9op)?—U?(dip)?

+(dop)*—U*(di )%, (14
whereu is the velocity which is different from 1. The per-
turbative values for the decay constémind velocityu were
calculated in22]. In order to fix the correct dimensionality,

between the same vacuum state;zat+c we have ¢
=0,2, respectively. It is well known that this solution is
absolutely stable under small perturbatiohs ¢,+ 6¢. In
other words, the Schdinger-type equation obtained by
varying the field and linearizing the equation of motion,

2

2 m 2
—d; 5¢n+? Opn=wp0dy,

1-2 secﬁ(Tz>
u

(18

has the lowest eigenvalue,=0 corresponding tosd,
=d¢,(2)/dz~ sechfnzu). This is just the zero mode
which is a result of translational invariangze»z+z,. Since

the lowest eigenvalue is non-negative, the domain-wall solu-
tion is stable under small perturbations. It turns out that this
is the only bound state which is a solution of Ef8).

In the case in which the replaceméB{— 3., is not done,
the solution must be modified. If we want to study a stable
solution for u which is not asymptotically large, we must
include fluctuations inp as well as in thep direction (i.e.,
the absolute value ak). The two equations of motion for
static solutions are given by

2f2u2V2p=p, p e’—p,e’ cose, (19

21202V = B,€” sin . (20)

Although we do not know the exact solution for this set of

we must multiply the kinetic term by the appropriate powersCOUplet_i nonlinear differential eqeations,@{/,82<1 we can
of the decay constant. The full effective Lagrangian up toapproximate the solutions. In this case, the approximate so-

two derivatives in the fields is then given by
L=F2[(9op)*—u*(dip)?]
+2[(9o)?—U*(9i$)*1—V(p, ¢).

In the above we have assumed tligi=f,=f. The exact

numerical value f0|fp is not known. However in the large-

(19

lutions can be parametrized by
efo~1+ o COSg,,, (21

¢o~4arctariexp( —mzu)), (22

where a=~ B, /8,. Our stability analysis will be based upon

w limit f,,~f,~ 4 in order to have an appropriate scale for these approximate solutions of the equations of motion.

m,~A4, (once again, the field should not be confused with
the WeII knownp meson in QCD aj.=0).

IIl. DOMAIN-WALL SOLUTIONS

As was done iff1], if we replace the field>|=2 e’ by
its vacuum expectation valuéwhich is justified for u

Since the above solutions do not correspond to the exact
solutions to the equations of motigminimum energy path
which winds around that barrier &&|=0), there will be
nonzero linear terms when the energy of the system is per-
turbed about the domain-wall solutior, and p,. These

will be estimated in the following section where the stability
analysis is performed.
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IV. STABILITY ANALYSIS OF DOMAIN WALLS 22
- ’ 2 2
Although these domain walls may exist as classically E(d.p)=— J dz ( (Vp)*+(V¢)
stable objects at large densities, it is not immediately obvious
if this is the case at intermediate densities. In order to exam- A2
ine the classical stability of the domain-wall configurations + WVW%P) ; (25

in the regionu<1 GeV, we must look at how the system

reacts to small perturbations of the fields. The energy densityere the derivative is now taken with respect to the dimen-
is given by the following expression: sionless coordinate’. We can see that this has the correct
dimensions of MeV times the dimensionless integral in

—+ oo
E(¢,p)=J dZ f2u?(Vp)? square brackets. Following the standard method for analyz-
- ing the stability of a classical solution which was briefly
+ 12UV )2+ V(d,p)]. (23) described in the previous section, we will expand the fields

about their vacuum expectation values:
In order to express all integrals as dimensionless quantities,

we will perform the following change of variables: p—pot op,
d— P+ 5. (26)
S ”
TN M ( Next, we substitute Eq(26) into Eq. (23) and perform an

expansion, neglecting any terms greater than quadratic order
The energy density is now given by in 5p and 6¢:

E=EO+EM4+EMR

, , . APV , ) Y
:E(¢0,p0)+'yf dz' 6p| —2V p0+f2_[125_p +’yf dz' 64| —2V ¢O+W5_¢
o 1Po bo1Po
+ Jd ) V2+ S Sp+ fd 'S¢ oV )
z - — z —
V)R 21202 52 Py 1242 6pdp g
b0 1P b0 1P
+ fd "Sp| —V+ oV 5¢ (27
Z - - 5 ’
7 2f2u? 5¢?
bo1Po
|
wherey=f2u?/x. The first termE(® in the above expansion £2,,2 \2
is the energy density or wall tension of the domain-wall. In SpM~ T dz' — 5 B1po sing,d0¢
the case in which the domain-wall solutions given by Eg. feu
(21) were the exact solutions to the classical equations of f2u2 _
motion, the linear term&™) (proportional todp and 8¢) ~ dz’ am? sin2¢,6¢. (29)

would be zero everywhere. Due to the fact that our solutions
are not exact, these must be considered.

; : e This linear term goes likaw? (~0.3 for =800 MeV) and
First, let us estimate the term which is lineardu:

the integrand is small compared to the wall tendif¥ and
can be neglected. The term which is lineardm is
£242 2 " f2u? , ) A2
5¢(1):_ dz' S5 —2V2¢ + ——B,€e’o Sing, | . op :T dz op| —2V<p,t+ ﬁﬁzpoepo
A °" 2,2 0 f<u
(29 .2
- W,Blepo cos(bo) . (30

We know thatefo~1+p, and using the fact thap, is a
solution to the equation of motion given by E@Q0) with Using again thap,~(81/8,)cos¢,, we see this simplifies
p=0, we have to
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f2u?
5p<1>~T dz'[—2a 728pV?(cosg,)]. (31)

Since this term is also proportional #ar?, Sp<p,, and the

integral ofV2(cose,) is small, we can also neglect this term.
The magnitude of the linear term shows how far away we ar
from the exact solution. This information will be used in

what follows for the stability analysis.

Now we consider the most important quadratic term. A
similar case involving two coupled scalar fields was looked
at in [23] and we will follow the standard procedure pre- h
sented there closely. If the field configuration is classicallye
stable, the second variation of the energy should be a po

PHYSICAL REVIEW D 65 125011

values corresponding to the first equation in this transformed
basis. Looking at the second eigenvalue equation, we have

2
2
— 95+

S22 U_> Yn=wpthn - (40)

?t is a well-known theorem of quantum mechanics that there

must exist at least one bound-state solution to (BG). Due

to the fact that our domain-wall solution should be invariant
under translations in spacg—z'+z;, there should be a
corresponding zero mode in the spectrum of @&@). In the
igh-density limit, we recover the familiar sine-Gordon
guation and we know that there is only one bound state in

Sthe spectrum of Eq(18). If the exact solution to the equa-

tive differential operator. This means we must solve the fol+jqng of motion(19) and(20) were known, one would expect

lowing Schralinger-type eigenvalue problem:

op op
H =w? 2
5¢> ¢ 5¢>>’ 42
whereH is the operator,
2
_ 2
H=—7 1+ oY (33

and 1 is the 2x2 identity matrix. The potential is a 2
X 2 matrix with elements:

Up1=B2 (1+py)e’o— B1€P0 cosdy, (34)
U1,=U,=B1€70 sing,, (35
U,,=B1€”° coSg,, . (36)

to see a corresponding mode with a vanishing eigenvalue in
the spectrum of Eq(40). As the density is loweredd;
<pf,) and the saddle point ap== is still present, one
would expect the appearance of a mode with a negative ei-
genvalue corresponding to instability of the domain-wall.
Due to the fact that there still must be a zero mode in the
spectrum, the zero mode would become the first excited state
of Eg. (40) and the lowest mode would have some negative
eigenvaluew§<0 corresponding to the instability of the
domain-wall. The problem of stability analysis now reduces
to determining the eigenvalues corresponding to the bound
states of Eq(40). The appearance of an additional bound
state in the spectrum as the chemical potential is lowered
will be the first sign that the system is approaching the point
of instability.

Since the solution corresponding to E@1) is not the
exact solution but does represent a path which winds around
the barrier a{X|=0, it is quite possible that the zero mode

If the domain-wall solution is a stable one, then the operatofould show up in the spectrum with a small nonzero eigen-
H is positive-semidefinite. The eigenvalue equations can b¥alue. It would show up as a true zero mode only when the
decoupled by diagonalizing the matrix. We should note €Xact solution to the equation of motion is substituted into

that only the potential term has to be diagonalized wherFas: (38).

looking for negative energy modes, as was don@8j. The
result is

Ui=%[ai Ja?—4(ab—b%*-c?)], (37)

wherea,b, andc are defined as
a=B(1+p,) e,
b= B,e” cose,, (38)

c=B,€Po sing, .
The operatoH now takes the following form:

)\2
— R+ ——U 0
2 o2 "
H= , . (39
U

2
0 _&Z’+2f2u2 -

Since we can immediately see that =0 for all z’ due to

the fact thata>0, there does not exist any negative eigen-

Although the potentialJ _ is nontrivial, we will use a
variational approach in order to determine the upper bounds
on w3 and w3. In choosing a trial wave function, we make
the observation that the potentidl is quite similar to the
same potential which arises when analyzing the stability of
the sine-Gordon soliton, Eq418). We will pick our normal-
ized trial wave function accordingly:

g
o= \/; secliocz’), (41

with o being the variational parameter. Note that this trial
wave function satisfies the required boundary conditions
(2’ = =0)—0. For the first excited state, we must pick an
odd function ofz. We will choose the properly normalized
function

30
= \/7tanr(az’)secmaz’). (42
Applying the variational principle, we must calculate
f2u2 ) 2
(2) - _
En (O-)_ A\ <l/ln|( az’+ 2f2u2U—>|{llﬂ>1 (43)
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As u is increased, we also see that the eigenvalue of the first
excited statew, increases towards the maximum value of

E ' U.. Eventually, asu is increased further, there is no longer
:;‘5 0 s a first excited bound state in the spectrum. The calculation of
' E() andE{?) was done with the variational functions chosen
to be different from Eqs(41) and(42). The results obtained
-10 -5 5

1o were the same order of magnitude as stated abové4by.
This supports our interpretation of the{?) state as the
would-be translational mode if exact solutions are known.

z The magnitudes of the linear terg29) and(31) are approxi-

mately the same order of magnitudel:‘cff), which supports

our interpretation oE{?) as the zero mode.

FIG. 2. This figure shows the effective ScHimger potential
Uer(2') = (N?/2f2u%)U _(2') as a function of the dimensionless co-
ordinatez’ whereU_ is given by Eq.(37). The presence of a

negative eigenvalue in the spectrum of this potential is indicative of V. CONCLUSION
the instability of the classical domain-wall solution. The effective . ) .
potential is shown in this figure for =800 MeV. The main goal of this paper was an analysis of the clas-

sical stability of U(1) domain wall§ 1]. Naively one would

and minimize this quantity with respect i to obtain an ~ €xpect that decreasing from u>1 GeV (when the calcu-
upper boundE{®(¢) on the energy of theith state. The !atlon_s are under cqntr@l]), we inevitably face thg situation
integral given by Eq(43) must be performed numerically. I which the domain walls _b_ecome unsta_ble quects due to

We now have the framework in place in order to test thethe fast growth of the coefficieng, (11). This naive expec-
stability of our domain-wall configurations. We will assume t&tion may not necessarily be correct due to the even faster
the perturbative value for the constafsndu as calculated ~9rowth of the coefficien3, (11), which receives contribu-
in[22], 2= u?/(87%) andu?=1. Settingu=800 MeV and tions from the formation ofl molecules as well as pertur-
ms=100 MeV, we see that the ratio of the coefficients isbative contributions.
B1/B,~0.3. In this case, the linear terni®9) and(31) are What we have actually demonstrated is that the domain-
small and the solutions given by E@1) are valid approxi- Wwall solution remains classically stable down to
mations to the exact solutions. In Fig. 2 we show the effec=800 MeV. In order to assess the stability of the domain-
tive Schralinger potential Uog=A?U_/(2f%u?) for n  walls for u.<u=<800 MeV, one must explicitly include the
=800 MeV. For the above choice of parameters, the wall| contribution in the effective potentigivhich is expected

tension given by Eq(25) is to be the dominant contribution at~ u. [13]). This would
£2,2 hopefully lead to,8'1/32<1, ensuring the classical stability
EO(,,p,)~17.48 _ (44) of the U(1), domain-walls. Unfortunately, due to the lack of
oo A information in this region we cannot generalize our results to

. , ) ) below 800 MeV tou.. We can argue that the U(1)
For the trial wave functions given in Eqgtl) and(42), the  gomain-walls remain classically stable downgee u. due

following results for the two bound states of E40) were 4 the faster growth of the coefficieft, compared tq3, as

obtained: w is decreased. The rati8; /3, may be very sensitive to
£2,2 changes in the instanton size distribution or the various form
E@(omin)<—0.016—, factors. This is a difficult problem and unfortunately | do not
A know how to estimate such contributions for a small chemi-
f2u? - pmeﬂtialb K here that the stability of the U(1)
2 We should remark here that the stability of the U(1
Ei(omin) <+ 1'163)\_' (45) domain-wall implies a classical stability of the U(3trings

[3], which become the edge of the domain-walls. It remains
From this, we can see thet?)>E{? and both of these quan- to be seen whether thesger othej topological defects will
tities are much less than the wall tension given by @4).  have any impact on the physics of neutron stars and other
Even though the ground-state energy seems to be negativepmpact stellar objects with high core density
due to the fact thaE{?)>E{?) we can associate this mode
with the zero mode. The small nonzero eigenvalue is actually
an artifact of our approximations. The appearance of a nega-
tive mode is merely a consequence of the approximate solu- | would like to thank A. Zhitnitsky for suggesting this
tions (21) as discussed above. This identification can be veriproblem to me and for many helpful discussions and sugges-
fied by increasing the chemical potential. When the aboveions. | would also like to thank T. Scfe for interesting
calculations are repeated as the chemical potential is indiscussions during the National Nuclear Physics Summer
creased, we see that the eneEﬁ)—>0. This result is ex-  School in Bar Harbor, ME. This work was supported in part
pected due to the fact that thg| field can be integrated out by the Natural Sciences and Engineering Research Council
asu increases and the sine-Gordon-type theory is recoveredf Canada.
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